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Abstract
Single-electron sources on-demand are requisite for a promising fully electronic platform for solid-state quantum
information processing. Most of the experimentally realized sources use the fact that only one electron can be taken
from a singly occupied quantum level. Here I take the next step and discuss emission from orbitally degenerate
quantum levels that arise, for example, in quantum dots with a nontrivial ring topology. I show that degeneracy
provides additional flexibility for single- and two-electron emission. Indeed, the small Aharonov-Bohm flux, which
slightly lifts the degeneracy, is a powerful tool for changing the relative width of the emitted wave packets over a wide
range. In a ring with one lead, even electrons emitted from completely degenerate levels can be separated in time if
the driving potential changes at the appropriate rate. In a ring with two leads, electrons can be emitted to different
leads if one of the leads has a bound state with Fermi energy at its end.
Keywords: Scattering matrix, Single-electron source, Excess correlation function, Adiabatic emission, Quantum
transport
PACS: 73.23.-b, 73.63.-b
1. Introduction
The implementation of single-particle sources that in-
ject electrons on demand into the mesoscopic conductor
[1, 2, 3, 4] is a milestone in the development of a fully
electronic platform for quantum information purposes.
Moreover, by analogy with quantum optics,[5] of par-
ticular interest is the injection of a pair of electrons, one
signal and one idle. Injection of more than one elec-
tron at a time has been experimentally achieved using
a Lorentzian voltage pulse [6, 7, 8] or a dynamic quan-
tum dot [9, 10, 11, 12]. As suggested in Refs. [13, 14],
two electrons (holes) can be injected into the same wave
guide using two single-electron sources in series.
Here I discuss another possibility, namely the emis-
sion of a pair of electrons from orbitally degenerate
quantum levels, see Fig. 1. The advantage of this ap-
proach is the high tunable separation of particles by en-
ergy and emission time. Moreover, if the degenerate
levels are coupled to two leads, electrons can be spa-
tially separated and injected into different leads. This
can be achieved if the leads are characterized by differ-
ent topological quantum numbers, the parity of the num-
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Figure 1: One-dimensional ring of length L, a paradigmatic example
of a system with orbitally degenerate quantum levels, is attached to the
semi-infinite lead. The quantum-mechanical amplitudes 1, r, A, and B
describe the scattering of a unit electron flux incoming from the lead
in the tri-junction. Arrows indicate incoming and outgoing electron
waves. The poles of the reflection coefficient r as a function of the
energy, which depends on the wave number k, provides information
on the levels in the ring.
ber of bound states at Fermi energy at their ends.[15] In
this case, each level is coupled to only one lead and,
therefore, each electron is injected into a separate lead.
To date, most quantum-coherent electron circuits [16,
17, 18, 19, 20, 21, 22, 23] have been built using quantum
Hall states [24, 25, 26, 27] as waveguides, since they
provide a fairly long decoherence length.[28, 29] In ad-
dition, the magnetic field increases the stability of the
Preprint submitted to Elsevier September 23, 2020
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single-electron injection regime.[30, 31] Surprisingly,
however, levitons, single-electron excitations in a bal-
listic conductor without a magnetic field, exhibit ideal
antibunching,[6, 7, 32] while single electrons propagat-
ing in quantum Hall states exhibit antibunching, which
is not so ideal [17, 22, 23, 33]. Therefore, systems with-
out a magnetic field, in which degenerate quantum lev-
els are quite expected, retain the potential for manipu-
lating single-electron states.
The paper is organized as follows: In Sec. 2, I
consider a one-dimensional ring connected to a semi-
infinite lead. The time-dependent potential U(t) is used
to change the position of orbitally degenerate levels in
the ring relative to the Fermi energy of the electrons in
the wire. When degenerate levels cross the Fermi en-
ergy, only one electron gets injected. The second elec-
tron is decoupled from the lead. To remove the degen-
eracy, I add a small Aharonov-Bohm flux [34], Φ → 0,
piercing the ring. Now the second electron can also
be injected. It is important to note that the width of
its wave-packet and therefore its energy is highly de-
pend on the magnetic flux and differs significantly from
the width of the wave packet of another emitted elec-
tron. Moreover, by changing the rate of the potential
U(t), one can achieve a regime in which one electron
is injected adiabatically, and the other in injected non-
adiabatically, with a significant delay. In Sec. 3, I con-
sider a one-dimensional ring connected to two semi-
infinite leads, and I demonstarte the conditions under
which two electrons are injected into different leads. I
conclude in Sec. 4.
2. Ring with one lead
The prototype of a system with discreet orbitally de-
generate levels is a one-dimensional ring of ballistically
moving electrons. When the lead is attached to it, see
Fig. 1, the levels get shifted and widened. However, if
the lead is coupled symmetrically to the left- and right-
moving electrons in the ring, one of the levels does not
feel the presence of the lead and is thus effectively de-
coupled from it, see, e.g. Refs. [35, 36, 37, 38, 39, 40,
41, 42]. This is similar to the effect of a delta potential-
like impurity on the spectrum of electrons in an isolated
ring. The impurity affects the state that is symmetric
with respect to the position of the impurity. And the
other, anti-symmetrized state, does not depend on the
presence of an impurity at all. The case of a symmetric
coupling of a ring to a lead is of my interest here.
To cause electrons to transfer from the ring to the
lead, we use the nearby gate to apply the time-dependent
electric potential U(t) to the ring. As occupied doubly
degenerate levels in a ring raise above the Fermi level
µ of electrons in a lead, one electron is transferred from
the ring to the lead. Another electron stays in the ring.
To assist the remaining electron to transfer into a lead,
we need to remove degeneracy, say, by piercing a ring
with an Aharonov-Bohm flux Φ. My aim here is to in-
vestigate how the injection of the second electron gets
suppressed at Φ→ 0.
I neglect the electron-electron interaction, which can
be effectively screened out with the help of a nearby
metallic gate. [2] For simplicity, I also neglect the elec-
tron spin, which can be easily incorporated into the for-
malism presented below. Additional degrees of free-
dom, such as spin or more exotic ones, such as valley,
make the behavior richer, but they do not compromise
the main idea of this paper, according to which degener-
ation provides extra flexibility in the process of a single-
electron emission.
2.1. Excess correlation function
To obtain information about the quantum state trans-
ferred from the ring to the lead, I use an excess first-
order correlation function G(1) [43, 44, 45, 46] calcu-
lated for electrons in the lead scattered from the ring.
Let Ψˆout(t, x0) be the second quantization operator for
electrons in the lead moving out of the ring evaluated
at time t and at a fixed position x0. Then a two-time
correlation function is defined as follows, G(1) (t1; t2) =〈
Ψˆ
†
out(t1)Ψˆout(t2)
〉
, where the angle brackets stand for the
quantum statistical average over the equilibrium state of
electrons in the lead before encountering a ring. For
brevity, I drop x0 from the arguments.
The excess correlation function is the difference of
correlation functions calculated with a time-dependent
potential U(t) being switched on and off, G(1) = G(1)on −
G(1)o f f . For slowly varying U(t) and at zero temperature,
the excess correlation function is expressed in terms of
the reflection coefficient r evaluated at the Fermi energy
µ, see Fig. 1, [47, 48]
vµG(1) (t1; t2) =
ei
µ
~ (t1−t2)
2pii
r∗(t1)r(t2) − 1
t1 − t2 , (1)
where vµ is the velocity of electrons with Fermi energy
in the lead, and the star, ∗, stands for the complex con-
jugation.
If U(t) causes one electron to be removed from the
ring and to be appeared with the wave function Ψ(t)
in the lead, one can anticipate that vµG(1) (t1; t2) =
Ψ∗ (t1) Ψ (t2). [43] If two electrons are transferred, then
vµG(1) (t1; t2) =
∑2
j=1 Ψ
∗
j (t1) Ψ j (t2).
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2.2. Ring-lead coupling
I suppose that the tri-junction in Fig. 1 (black tri-
angle) is characterized by an energy independent one-
parameter scattering matrix, [49, 50]
Sˆ =

−γ  
 γ−12
γ+1
2
 γ+12
γ−1
2
 . (2)
Here γ =
√
1 − 22 to ensure unitarity, Sˆ †Sˆ = Iˆ, where
Iˆ is a unit 3 × 3 matrix.
The case  = 0 describes the lead, the channel 1, com-
pletely decoupled from the ballistic now ring, the chan-
nels 2 and 3. The lead is symmetrically coupled to the
right- and left-moving electrons in the ring, the channels
2 and 3, respectively, S 12 = S 13 = . Below I am inter-
ested in the case of   1, when there are well defined
quantum levels in the ring. Note that this regime does
not imply  → 0, when the Coulomb interaction effects
can play a role. [51, 52]
The scattering matrix Sˆ relates the amplitudes of
plane waves with wave number k incoming to and out-
going from the tri-junction as follows, see Fig. 1,
rAB
 = Sˆ
 1BeikLAeikL
 , (3)
where L is is the length of the ring.
Solving the three linear equations above, we find the
reflection coefficient r. At   1 and close to reso-
nances, kL − 2pin  1 with n integer, the reflection co-
efficient reads,
rn = − (kL − 2pin) − iT(kL − 2pin) + iT . (4)
where T = 2 is the transmission probability.
As a function of k, the reflection coefficient shows a
set of single poles, kpolen L = 2pin − iT , confirming the
fact that only one in each pair of degenerate levels in
the ring is coupled to the lead.
2.3. Single-electron emission
When a time-dependent electric potential U(t) is uni-
formly applied to the ring, in addition to the kinematic
phase kL, an electron with energy E acquires the dy-
namic phase ϕ(t, E) = −e~
∫ t
t−τ(E) dt
′U(t′), where −e is
the electron charge, τ(E) = L/v(E) is the time of a sin-
gle revolution, v(E) is the velocity of an electron with
energy E. [53] As a result, the position of resonances in
the ring changes with time. I am interested in the case
when only one resonance, that is, two degenerate levels,
say with n = nµ, crosses the Fermi level of electrons
in the lead. The corresponding reflection coefficient I
denote as r(t).
With the exception of Sec. 2.5, I restrict myself to
the adiabatic emission regime when U(t) changes slow
enough. In this case, the dynamic phase becomes,
ϕ(t) = eU(t)τ/~. Note that I drop the energy argument
for quantities evaluated at the Fermi energy, E = µ.
To calculate r(t), I replace kL→ kµL+ϕ(t) in Eq. (3).
Close to the time t0, when the resonance in question hits
the Fermi level, kµL + ϕ(t0) = 2pinF , I linearize the dy-
namic phase, ϕ(t) ≈ ϕ(t0)−s(t−t0), where s = eτ~ dUdt
∣∣∣
t=t0
.
Without loss of generality, hereinafter I set t0 = 0. Then
we arrive at the reflection coefficient,
r(t) = − t + iΓ
t − iΓ , (5)
where Γ = T/s.
I substitute r(t), Eq. (5), into Eq. (1) and find that, as
we anticipated, vµG(1) (t1; t2) = Γ|Γ |Ψ
∗ (t1) Ψ (t2), where
[54]
Ψ (t) =
√
|Γ |
pi
e−i
µ
~ t
t − iΓ . (6)
This wave function is normalized,
∫
dt |Ψ|2 = 1. There-
fore, during crossing, one electron is emitted with the
above wave function. Γ is the half-width of the cor-
responding wave packet. The energy of the emit-
ted electron, measured from the Fermi level, is E =∫
dt
(
~Im
[
∂Ψ∗
∂t Ψ
]
− µ |Ψ|2
)
= ~/ (2Γ). [55, 56]
Note that the same wave function [57, 58] describes a
leviton [6, 19], a single-particle excitation on top of the
Fermi sea, created using a voltage pulse of Lorentzian
shape with an integer flux [59, 60, 61].
The associated electric current, I(t) = −evµG(1) (t; t)
= −e2pii r(t)
∂r∗(t)
∂t , has a Lorentzian shape, [62]
I(t) =
Γ
pi
−e
t2 + Γ2
. (7)
Note that the sign of Γ defines the sign of the cur-
rent pulse appeared in the lead. When the potential
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increases, dUdt
∣∣∣
t=t0
> 0 ⇒ Γ > 0, an electron is
injected into the lead. When the potential decreases,
dU
dt
∣∣∣
t=t0
< 0 ⇒ Γ < 0, a hole is injected into the lead,
that is, an electron is transferred from the lead to the
ring. For definiteness, below I use Γ > 0.
2.4. Two-electron emission
To facilitate two-particle emission, we lift the degen-
eracy, for instance, by inserting the Aharonov-Bohm
flux, Φ, into the ring. Then the equation (3) becomes,
rAB
 = Sˆ

1
Bei[kL+ϕ(t)−φ]
Aei[kL+ϕ(t)+φ]
 , (8)
where φ = 2piΦ/Φ0 with Φ0 = h/e being the normal-
metal magnetic flux quantum [63, 64, 65].
I am interested in the small magnetic flux limit, φ →
0. Now, close to the time when the driven level crosses
the Fermi level, the reflection coefficient takes the fol-
lowing form,
r(t) = − t
2 − Γ2φ + itΓ
t2 − Γ2φ − itΓ
, (9)
where Γφ = φ/c. Obviously, for φ = 0 we recover
Eq. (5) for all times but t = 0.
Substituting r(t), Eq. (9), into Eq. (1), I find that
now the correlation function is represented by the sum
of two single-particle contributions, vµG(1) (t1; t2) =∑2
j=1 Ψ
∗
j (t1) Ψ j (t2). I emphasize that the precise equa-
tions for Ψ1 and Ψ2 are not unique, see Refs. [66, 67, 68,
69, 70, 8, 71] for various approaches to single-particle
wave functions, see also Refs. [72, 73, 74, 75]. Unique
is G(1) and the two-particle wave function, which is
the Slater determinant composed of single-particle wave
functions. [76] To be specific, below I choose some
specific representation, which is naturally follows from
Eq. (1).
The particular form of wave functions Ψ j depends on
the relationship between Γφ and Γ . For the purposes of
this study, I distinguish between two regimes: large and
small magnetic flux. In the large magnetic flux regime,
2Γφ > Γ , the distance between the levels (∼ Γφ) caused
by the Aharonov-Bohm flux exceeds the width of the
levels (∼ Γ) caused by coupling to the lead. In the
small magnetic flux regime, Γ > 2Γφ, the width of the
levels exceeds the distance between them.
2.4.1. Large magnetic flux
If two levels are well separated from each other,
2Γφ > Γ , then the emission process, when one level
crosses the Fermi level, is more or less independent of
the emission process, when the other level crosses the
Fermi level. Indeed, the two wave functions,
Ψ1 (t) =
√
Γ
pi
e−i
µ
~ t
t − τ − iΓ ,
(10)
Ψ2 (t) =
√
Γ
pi
e−i
µ
~ t
t + τ − iΓ e
2i arctan
(
t−τ
Γ
)
,
describe the emission of single-electron wave packets of
the same width Γ = Γ/2 occuring at different times t =
±τ, where τ =
√
Γ2φ − Γ2. The energies of the emitted
electrons are E1 = ~/(2Γ) and E2 = E1
(
1 + 2
[
Γ/Γφ
]2)
,
respectively. I emphasize, the separation into two en-
ergies is not universal and depends on representation.
What is fixed is the total energy E = E1 + E2, which
increases with decreasing a magnetic flux, Γφ, that is,
with decreasing time delay, τ. An increase in total en-
ergy with a decrease in the time delay between two wave
packets was noted in Refs. [55, 76].
With decreasing a magnetic flux, starting from 2Γφ =
Γ , both wave packets are emitted at the same time t = 0.
Therefore, they significantly affect each other. We are
entering a small magnetic flux regime.
2.4.2. Small magnetic flux
When two levels are close enough to be almost de-
generate, two electrons try to escape simultaneously.
Since electrons are fermions, this is possible if they have
substantially different energies. The energy of a wave
packet is inversely proportional to its width. [61] There-
fore, one can expect that at a small magnetic flux, the
wave packets differ significantly in their width.
Substituting Eq. (9) into Eq. (1), I find that for
2Γφ < Γ the correlation function is vµG(1) (t1; t2) =∑2
j=1 Ψ
∗
j (t1) Ψ j (t2), and the two wave functions can be
chosen as follows,
Ψ1 (t) =
√
Γ1
pi
e−i
µ
~ t
t − iΓ1 ,
(11)
Ψ2 (t) =
√
Γ2
pi
e−i
µ
~ t
t − iΓ2 e
2i arctan
(
t
Γ1
)
,
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where Γ1,2 = Γ ±
√
Γ2 − Γ2φ. Now the energies of the
emitted particles are E1 = ~2Γ1 and E2 = ~2Γ2 + 2~Γ1+Γ2 ,
respectively.
On the border between large and small magnetic flux
regimes, 2Γφ = Γ , the set of wave functions in Eqs. (10)
and (11) are the same. Two electrons are emitted at the
same time and the corresponding current pulses, I j ∼∣∣∣Ψ j∣∣∣2, have the same width Γ/2. However, due to the
time-dependent phase factor in Ψ2, the wave functions
Ψ1 and Ψ2 are orthogonal,
∫
dtΨ1Ψ∗2 = 0. Moreover,
the energies of two electrons differ three times.
An intriguing feature of the small magnetic flux
regime is that the width of one of the wave packets
strongly depends on the magnetic flux or any other pa-
rameter that lifts degeneracy. Indeed, in the limit of
Γφ → 0, the width Γ2 scales quadratically with a mag-
netic flux, Γ2 ≈ Γ2φ/Γ . The decrease in the width of the
emitted wave packet is associated with a decrease in the
effective coupling between the lead and the correspond-
ing quantum level in the ring. Interesting, the width Γ2
is inversely proportional to the actual coupling between
the ring and the lead, the transmission T = 2, which is
somewhat counterintuitive.
In the limit of Γφ → 0, the width of the other wave
packet is flux-independent, Γ1 ≈ 2Γ = Γ , and the wave
function Ψ1 from Eq. (11) becomes the wave function
Ψ from Eq. (6).
2.4.3. From large to small magnetic flux
In Fig. 2, using a time-dependent current, I(t) =
−evµG(1) (t; t), as an example, I illustrate how a mag-
netic flux, the parameter Γφ, modifies the emitted state.
For a large separation, Γφ/Γ > 0.5, the current con-
sists of two pulses of the same width Γ and height
−e/(piΓ). The pulses peak at different times, which vary
with Γφ, see Eq. (10).
For a small separation, Γφ/Γ < 0.5, the current con-
sists of two pulses emitted simultaneously at t = 0,
see Eq. (11). They have significantly different widths
and heights in the limit of Γφ → 0. The ratio of the
widths decreases quadratically with the magnetic flux,
Γ2/Γ1 ≈
(
Γφ/Γ
)2
. Accordingly, the ratio of the ampli-
tudes increases quadratically.
Note that the shape of the density profile of the emit-
ted narrow wave packet is symmetric, Lorentzian. This
contrasts with the asymmetric, as a rule, shape of the
Fano resonance [77, 78] in conductance due to the same
quantum level whose coupling to the leads is varied
through zero.
Figure 2: Time-dependent current I(t) = −e
{
|Ψ1 |2 + |Ψ2 |2
}
adiabat-
ically injected from a source with two quantum levels, with splitting
controlled by the parameter Γφ. For a large splitting, 2
∣∣∣Γφ∣∣∣ > Γ ,
the wave functions Ψ1 and Ψ2 are given in Eq. (10), and for a small
splitting, 2
∣∣∣Γφ∣∣∣ < Γ , the wave functions are given in Eq. (11). No-
tice the Log-scale on the vertical axis. The interval
∣∣∣Γφ/Γ ∣∣∣ < 0.05 is
excluded.
So, we see that no matter how small the splitting is,
the two wave packets seem to be emitted. One of them
simply becomes more and more narrow, but it always
carries the full charge of an electron. In the limit Γφ →
0, the density profile of the wave packet Ψ2 approaches
the delta-function centered at t = 0. This is what the
adiabatic theory predicts. However, the adiabatic emis-
sion of such a particle requires an infinitely slow U(t),
and the emission process takes infinite time. In real ex-
periment, this electron is emitted non-adiabatically, and
its wave function Ψna2 differs from Ψ2, Eq. (11).
2.5. Semi-adiabatic emission at small magnetic flux
Adiabatic emission takes place when the time dur-
ing which the wave packet is formed exceeds the dwell
time, the time during which an electron with a fixed en-
ergy above the Fermi level leaves the source. [13, 79]
The (half-)duration of wave packets is given by Γ1,2,
see Eq. (11). The dwell time, τD, j = ~/δ j depends on
the broadening δ j of the corresponding levels, j = 1, 2.
This broadening can be extracted from the characteris-
tics of the wave packet emitted adiabatically. Namely,
the wave packet is formed while the broadened quantum
level crosses the Fermi level. Since the level raises at a
constant rapidity c = e dUdt
∣∣∣
t=t0
, the parameters Γ j and δ j
are related as follows, δ j = cΓ j. The level rapidity c is
related to the phase rapidity s introduced before Eq. (5),
c = ~s/τ. Remind that τ = L/vµ is the time of one rev-
olution. As a result, I have, τD, j = τ/
(
s Γ j
)
. In the limit
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Γφ → 0, two dwell times are,
τD,1 =
τ
T
, (12)
τD,2 = τD,1
(
T
φ
)2
,
where T = 2 is the transmission probability, and φ =
2piΦ/Φ0 is the phase change due to the magnetic flux Φ.
We clearly see that τD,2 approaches infinity with a de-
crease in a magnetic flux, that is, the electron occupying
this level can stay longer and longer in the source.
To distinguish between adiabatic and non-adiabatic
emission regimes, let us introduce the non-adiabaticity
parameter ζ j = τD, j/Γ j. [54] The adiabatic regime is
realized when this parameter approaches zero. Using
Eq. (12), I calculate ζ1 = sτ/T 2 and ζ2 = sτT 2/φ4.
Since the ratio ζ1/ζ2 = (φ/T )4 decreases very quickly
with decreasing ratio φ/T < 1, there is possible a regime
when one electron is emitted adiabatically, ζ1  1, and
the other is emitted non-adiabatically, ζ2  1. I call this
regime semi-adiabatic.
In the semi-adiabatic regime, the wave function Ψ1
is given in Eq. (11). To determine the wave function
Ψna2 , let us proceed as follows. I assume that the linear
change in potential over time, dU/dt = const, lasts long
enough, not only longer than Γ1, but also longer than
τD,2. Then we can use the solution to the problem of
non-adiabatic emission from the quantum level, which
raises at a constant rapidity, and write down the wave
function, [54]
Ψna2 (t) = e
2i arctan
(
t
Γ1
)
e−
i
~ µt√
piΓ2
∞∫
0
dxe−xe−ix
t
Γ2 eix
2ζ2 .
(13)
Recall that the phase factor e
2i arctan
(
t
Γ1
)
accounts for the
effect of the emission of the other electron, see Eq. (11)
and Ref. [14].
For ζ2 → 0, the above equation reproduces the
Lorentzian in shape Ψ2 from Eq. (11) (up to the irrel-
evant factor i) centered around t = 0. In contrast, for
ζ2  1, the above equation describes an exponentially
decaying wave packet starting at t = 0, [54]
Ψna2 (t) ≈ θ(t)
C(t)√
τD,2
exp
(
− t
2τD,2
)
, ζ2  1,
(14)
-10 -5 0 5 10 �� Γϵ
0.2
0.4
0.6
0.8
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Figure 3: Single-electron current I(t) = −e |Ψ |2 with: Ψ = Ψ1,
Eq. (11) (black line); Ψ = Ψ2, Eq. (13), for φ = 0.075, respectively,
ζ2 = 0.85 and Γ2/Γ = 0.067, the value is reduced by 4 times (red
line) and for φ = 0.025, respectively, ζ2 = 68.4 and Γ2/Γ = 0.007,
the value is reduced by 2 times (orange line); Ψ = Ψna2 , Eq. (14) with
τD,2/Γ = 12 for φ = 0.005, respectively, ζ2 ≈ 4 · 104, the value is
increased by 5 times, only the envelope function is shown (blue line).
Other parameters: T = 0.3, sτ = 3 · 10−4.
where θ(t) is the Heaviside theta function, and the phase
factor C(t) = 1+i√
2
e
2i arctan
(
t
Γ1
)
−i
(
t
2τD,2
)2
ζ2 .
Since ζ2 ∼ φ−4, when the magnetic flux φ decreases,
the system always end up in the regime with ζ2  1.
Interestingly, in this non-adiabatic regime the width of
the wave packet τD,2 exceeds not only its width in the
adiabatic regime, τD,2/Γ2 = ζ2  1, but can also exceed
the width Γ of another electron, the one that is emit-
ted adiabatically. Indeed, τD,2/Γ = ζ1 (T/φ)2 > 1 for
φ <
√
τs. Recall that τ is the time of a single revolution
around the ring, and s = eτ~
dU
dt
∣∣∣
t=t0
is the phase rapidity,
the rate of phase change due to the time-varying electric
potential applied to the ring.
To illustrate the effect of non-adiabaticity, in Fig. 3
I compare the time-dependent current carried by an
adiabatically emitted electron with wave function Ψ1,
Eq. (11), (black line) and the current carried by another
electron with wave function Ψ2, Eq. (13), for small,
ζ2 ∼ 1 (red line), intermediate ζ2 ∼ 100 (orange line),
and large, ζ2  1 (blue line), non-adiabaticity param-
eter. In the latter case, I used the wave function Ψna2 ,
Eq. (14), which allows us to reproduce the envelope
function for a time-dependent current without fast os-
cillations visible in the orange line. Obviously, with in-
creasing non-adiabaticity parameter the wave packet is
emitted at a later time, and its width increases.
Thus, in the case of symmetric coupling, Eq. (2), one
electron is emitted from two orbitally degenerate levels,
and two electrons are emitted when degeneracy is lifted,
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for instance, by a magnetic flux. The transition between
two- and single-electron emission occurs in the form of
an increase in the delay in the emission of the second
electron.
3. Ring with two leads
If two leads are attached to the driven ring, see Fig. 4,
then in the general case an electron from the occupied
level in the ring can be injected into any of the leads.
To be more precise, into both of them simultaneously.
However, under specific conditions, two electrons oc-
cupying two orbitally degenerate levels are injected into
different leads. This happens if the ring-lead couplings
have different signs. As a result, the leads are coupled to
orthogonal combinations of degenerate states. Keeping
this effect in mind, in this section I restrict myself to the
case with degenerated levels, φ = 0, and to the adiabatic
regime only.
3.1. Excess correlation matrix
To characterize the quantum state transferred from
the ring to the leads, we introduce an excess first-order
correlation matrix Gˆ(1) [62] calculated for electrons in
the leads scattered from the ring.
Let Ψˆout,α(t, x0,α) be the second quantization opera-
tor for electrons in the lead α moving out of the ring
evaluated at time t and at a fixed position x0,α. Then
a two-time correlation matrix element is defined as fol-
lows, G(1)αβ (t1; t2) =
〈
Ψˆ
†
out,α(t1)Ψˆout,β(t2)
〉
, where the an-
gle brackets stand for the quantum statistical average
over the equilibrium state of electrons in the leads be-
fore encountering a ring. I suppose that both leads are
attached to reservoirs with the same chemical potential
µ and zero temperature. For brevity, I drop x0,α and
x0,β from the arguments. The excess correlation matrix
is the difference of correlation matrices calculated with
a time-dependent potential U(t) being switched on and
off, Gˆ(1) = Gˆ(1)on − Gˆ(1)o f f .
For slowly varying U(t) and at zero temperature, the
excess correlation matrix is expressed in terms of the
scattering matrix Sˆ of the ring with two leads, which is
evaluated at the Fermi energy µ,
vµGˆ(1) (t1, t2) =
ei
µ
~ (t1−t2)
2pii
Sˆ†(t1)Sˆ (t2) − Iˆ
t1 − t2 , (15)
where Iˆ is the unit matrix.
I stress, that in the case shown in Fig. 4, Sˆ is a 2 × 2
matrix whose elements, for example, SLL = rLL and
1
A
B
B e ikL/2
C
D C eikL/2
D e ikL/2
A e ikL/2
rLL
tRL
Figure 4: A one-dimensional ring of length L is symmetrically at-
tached to two semi-infinite leads. A unit electron flux incoming from
the left lead is reflected with an amplitude of rLL from the ring and
transmitted through the ring with an amplitude of tRL. The quantum-
mechanical amplitudes A, B, C, and D describe the propagation of
an electron along a ring. Arrows indicate the incoming and outgoing
electron waves in two tri-junctions.
SRL = tRL. The matrix Sˆ is different from 3×3 matrices,
Sˆ L and Sˆ R, associated with tri-junctions (black triangles
in Fig. 4).
3.2. Symmetrical two-lead coupling
I will first illustrate how the excess correlation matrix
Gˆ(1) encodes information about where the quantum state
is being transferred from the ring.
For the sake of simplicity, let us suppose that both tri-
junctions in Fig. 4 are characterized by the same scat-
tering matrices, Sˆ L = Sˆ R, which are equal to Sˆ , Eq. (2)
with  → /√2 (to keep the level width the same).
Then, in the limit of   1, the solution of the scat-
tering problem with a unit flux incoming from the left
gives us rLL ≈ (r − 1) /2 and tRL ≈ (r + 1) /2 with r be-
ing the reflection coefficient of the ring with one lead.
Solving a similar problem, but with a unit flux incom-
ing from the right, provides rRR = rLL and tLR = tRL.
Thus, the scattering matrix of the ring reads,
Sˆ = 1
2
(
r − 1 r + 1
r + 1 r − 1
)
,   1, (16)
where r is given in Eqs. (4) and (5). Recall, since the
time-reversal invariance is not broken in our system, the
scattering matrix is symmetric, SLR = SRL. Since both
couplings are the same, the diagonal elements are equal,
SLL = SRR.
Substituting the above equation in Eq. (15), I get an
excess correlation matrix,
Gˆ(1) =
1
2
(
G(1) −G(1)
−G(1) G(1)
)
, (17)
where the excess correlation function G(1) is shown in
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Eq. (1). Nonzero off-diagonal elements of the above
matrix Gˆ(1) indicate correlations between what is in-
jected into different leads. These elements are necessary
to ensure that the injected state is a pure quantum state.
That is, the matrix Gˆ(1) (t1; t2), Eq. (17), is idempotent
provided that the function G(1) (t1; t2) is idempotent.
With the reflection coefficient from Eq. (5), I find
that still only one electron leaves the ring but it is now
extended to two leads. Its wave function is a vector,
Ψˆ (t), with elements associated with two leads. Rep-
resenting the correlation matrix as the direct product,
Gˆ(1) (t1; t2) = Ψˆ∗ (t1) ⊗ Ψˆ (t2), I find,
Ψˆ =
1√
2
(
Ψ
−Ψ
)
, (18)
where Ψ(t) is shown in Eq. (6). We see that in the
present case, an electron is evenly divided between the
two leads.
The situation changes dramatically if Sˆ L and Sˆ R no
longer match. To consider the most spectacular case, I
suppose that Sˆ L and Sˆ R possess different symmetry in
the following sense. For  = 0, the scattering matrix
Sˆ , Eq. (2), describes a ballistic ring disconnected from
a semi-infinite lead. The electrons in the lead acquire
the phase pi upon reflection from its end, S 11 = −1, as
expected for reflection from an infinite potential wall.
However, this is not the only possibility. The reflection
phase takes on the additional contribution pi if there is a
bound state at the endpoint of the lead.[15] Recall, I am
interested in the reflection coefficient calculated at the
Fermi energy.
In the next section, I suppose that the reflection co-
efficients of decoupled leads have different signs, say,
S L11 = −1 and S R11 = 1.
3.3. Anti-symmetrical two-lead coupling
Here I analyze the case when in Fig. 4 the left tri-
junction is characterized by the scattering matrix Sˆ L =
Sˆ with Sˆ given in Eq. (2), and the right one is character-
ized by the following scattering matrix,
Sˆ R =

γ − 
− 1−γ2 γ+12
 γ+12
1−γ
2
 , (19)
where γ =
√
1 − 22. For simplicity, the small parame-
ter   1, which determines the transmission probabil-
ity, T = 2, is the same in Eqs. (19) and (2).
The solution to the scattering problem now gives the
scattering matrix of the ring as follows,
Sˆ =
(
r 0
0 −r
)
, (20)
where r is the reflection coefficient of the ring with one
lead, see Fig. 1.
Substituting Eq. (20) into Eq. (15), I get,
Gˆ(1) =
(
G(1) 0
0 G(1)
)
, (21)
where G(1) is given in Eq. (1).
Near the time when the degenerate levels in the ring
crosse the Fermi level in the leads, I use Eq. (5) and
represent Gˆ(1) (t1; t2) =
∑
j=L,R Ψˆ
∗
j (t1) ⊗ Ψˆ j (t2) with
ΨˆL =
(
Ψ
0
)
, ΨˆR =
(
0
Ψ
)
, (22)
where the wave function Ψ is shown in Eq. (6).
Thus, from the above equations we see that two elec-
trons are emitted from degenerate levels. Each electrons
is emitted into a separate lead. This is why both wave
packets emitted simultaneously are the same.
4. Conclusion
I analyzed the adiabatic emission of electrons on-
demand from two orbitally degenerate quantum levels
of non-interacting spinless electrons. As a paradigmatic
example, I considered a one-dimensional ballistic ring
with one or two leads attached. The energy of the lev-
els of the ring relative to the Fermi energy of the leads
is changed using a uniform electric potential along the
ring. As a convenient theoretic tool, I used an excess
correlation function of electrons in leads to predict the
properties of single-electron wave packets emitted from
a ring.
In a ring with one lead, under quite natural condi-
tions, when electrons moving to the left and to the right
are equally coupled to the lead, only one electron is
emitted when the orbitally degenerate levels in the ring
cross the Fermi energy in the lead. The other electron
remains in the ring because its state is decoupled from
the lead. When the degeneracy is lifted, say, with the
help of the Aharonov-Bohm magnetic flux through the
ring, both electrons are emitted at different times. I
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have analyzed in details how the emission of a second
electron is suppressed by a decrease in magnetic flux.
First, the time difference between emissions is reduced
to zero. In this case, two simultaneously emitted elec-
trons have the same density profile, but different ener-
gies. With a further decrease in the magnetic flux, the
width of one of the wave packets begins to decrease.
A narrowing of the wave packet indicates a decrease in
the effective coupling between the corresponding level
and the lead. As a result, the emission process for this
level becomes non-adiabatic, which, in turn, increases
the time difference between the emissions of two elec-
trons. And finally, the emission of the second electron
is infinitely delayed.
When one additional lead is connected, the emission
scenario may or may not change depending on the prop-
erties of the leads. If two symmetrically coupled leads
are identical, only one electron is emitted from degen-
erate levels in the ring, it delocalizes between the two
leads. To achieve two-electron emission, it is neces-
sary to lift the degeneracy, for example, using a mag-
netic flux. In contrast, if one of the leads has a bound
state with the Fermi energy at its end, both electrons are
emitted without lifting the degeneracy, with each elec-
tron being injected into a separate lead. Therefore, if
such a bound state can be created and destroyed with
the help of some external influence, then the change in
the number of electrons emitted from degenerate levels
can be used as an indicator of the appearance of a bound
state at the end of one of the leads.
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